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Q \ Abstract: We study tachyon condensation in a baby version of Witten's open string field 

r-j \ theory. For some special values of one of the parameters of the model, we are able to obtain 

, closed form expressions for the stable vacuum state and for the value of the potential at 

D , the minimum. We study the convergence rate of the level truncation method and compare 



our exact results with the numerical results found in the full string field theory. 
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In this letter, we discuss a simple toy model for tachyon condensation in bosonic 
string field theory. The full string field theory problem |[l[-y] consists of extremising a 
complicated functional on the Fock space built up from an infinite number of matter and 
ghost oscillators. As a first simplification, one can consider the variational problem in the 
restricted Hilbert space of states generated by a single matter oscillator. This problem is 
still rather nontrivial because the restricted Hilbert space still contains an infinite number 
of states. The model we will consider here is precisely of this form and its behaviour closely 
resembles the one found in the full theory with level approximation methods. The main 
simplification lies in the limited number of degrees of freedom and the fact that we don't 
have to deal with the technicalities of the ghost system. 



The motivation for considering such simphfied models is twofold. First of all, the level 
approximation method to the full string theory problem remains largely 'experimental': 
there doesn't seem to be a convincing a priori reason why this approximation scheme 
converges to the exact answer, nor do we have any information about the rate of convergence 
except the 'experimental' information we have from considering the first few levels. Our 
toy model will allow for the derivation of exact results on the convergence of the level 
truncation method albeit in a not fully realistic context. 

The second reason for considering toy models is perhaps more fundamental: it would 
be of considerable interest to obtain the exact solution for the stable vacuum in the full 
theory. Such an exact solution would allow a detailed description of the physics around 
the stable vacuum, where interesting phenomena expected to arise p. However, despite 
many efforts, this solution is lacking at the present time^. The model we will consider is 
in some sense the 'minimal' problem one should be able to solve if one hopes to find an 
analytic solution to the full problem^. 

In section ^ we will give the action of the toy model. In its most general form, the 
model depends on some parameters that enter in the definition of a star product and are 
the analogue of the Neumann coefficients in bosonic string field theory. These parameters 
are further constrained if we insist that the toy model star product satisfies some of the 
properties that are present in the full string field theory. More specifically, the string field 
theory star product satisfies the following properties: 

• The three-string interaction term is cyclically symmetric. 

• The star product is associative. 

• Operators of the form a — a"^ act as derivations of the star-algebra. 

We impose cyclicity of the interaction term in our toy model in section 0. We deduce 
the equations of motion in section ^. In section ^ we define the star product for the toy 
model. We discuss the restrictions following from imposing associativity of the star product 
in section Q. It turns out that we are left with 3 different possibilities, hereafter called case 
I, II and III. As is the case for the bosonic string field theory we can also look if there is a 
derivation D = a — a' of the star-algebra. This further restricts the cases I, II and III to 
case Id, lid and again Id respectively. This is explained in section ^, where we also discuss 
the existence of an identity of the star-algebra. 

After having set the stage we can start looking for exact solutions. In section |6| we give 
the exact results for case I. In particular we are able to write down closed form expressions 
for the stable vacuum, the effective potential and its branch structure and the convergence 



^See e.g. H where a recursive technique was formulated. Other exact solutions are known, see for 
example |^]. 

^ Other toy models for tachyon condensation were considered in |H, a |lO|. 



rate of the level truncation method. We also compare these results with the behaviour 
found in bosonic string field theory. In section we mention the other exact solutions we 
have found. In section ^, we discuss the case lid which perhaps bears the most resemblance 
to the full string field theory problem. In this case, it is possible to recast the equation 
of motion in the form of an ordinary second order nonlinear differential equation. This 
equation is not of the Painleve type and we have not been able to find an exact solution. 
Here too, it is possible to get very accurate information about the stable vacuum using 
the level truncation method. We conclude in section ^ with some suggestions for further 
research. 

1. The action 

The toy model we consider has the following action (the potential energy is equal to minus 
the action): 

sm = -ImLo - im - livmmi') (i.i) 

where Lq is the usual kinetic operator Lq = a'^a and [a, a^] = 1. Let us denote the Fock 
space which is built up in the usual way by TC. The "string field" 1-0) is simply a state in 
this Fock space 7i and can thus be expanded as 

IV) = V'olO) + 0iat|O) + V2(a^)'|0) + • • • , 

where the coefficients Voi'Vi) " ' ' ^-re complex numbers. To illustrate the analogy between 
this toy model and Witten's bosonic string field theory [11|, the complex numbers ipi in 
the toy model correspond to the space-time fields in the bosonic string field theory in the 
Siegel gauge. The term —1 in the kinetic part of the action should be thought of as the 
zero point energy in the bosonic string. In this way, the state |0) has negative energy. 
The interaction term is defined as follows: 

1 ^ 

(VWi^mii;) = 123(01 exp(- Y, Nija^aj) |V')i|V'>2|0>3. (1.2) 



The numbers Nij mimic the Neumann coefficient in Witten's string field theory |12]. There 
they carry additional indices A'jj ^^ r]^'^ where k,l = 1, . . . , oo label the different modes of 
the string and /i, iv = 1, . . . , 26 are space-time indices. 

We have introduced three copies of the Fock space TC. The extra subscript on a state 
denotes the copy the state is in: 

if|V)=J]V'„^at-|0) GW, 

m 

then \tP)i = Y^ V'„^aJ"'|0)i e Hi for i = 1, 2, 3. 



By definition we have the following commutation relations in TCi (8) 7^2 '^ W3 : 

[a^,a^] = 6ij. (1.3) 

Hence the interaction term (|l.2| ) of the toy model is the inner product between the state 

l^> = exp(i E %ala])|0)i23 G Wi O W2 ® ^3 and |V)i |V)2 ® |V')3. 

As an example let us calculate the action for \il)) = t\0) + u a^O) , i.e. the level 1 part 
of the action (|1 . 1| ) . The kinetic part is obviously 

1 2 

— r 
2 

and the interaction is 



3 123(01 f 1 + -NijUiUj ] (t + u 4) (t + u 4) (t + u 4) |0) 



123 



-t3 + -(iVi2+Ari3+Af23)t«^ 

2. Cyclicity 

As is the case for the full string field theory we would like the interaction to be cyclic: 

{V\\A)\B)\C) = {V\\B)\C)\A). (2.1) 

Let us see what restrictions this gives for the matrix N. Imposing the cyclicity ( p.l| ) leads 
to Nil = N22 = N33, N12 = N23 = N31 and iVis = A^2i = A^32- Hence N will be of the 
following form: 

/Nil N12 Nis 
N=\ Ni3 Nil N12 

\N12N13N11 

Because the oscillators ai,a2 and 03 commute among each other, the matrix N can be 
chosen to be symmetric without losing generality. Hence we have fixed the matrix N to be 

of the form 

(2A ^ /i 
/i /i 2A 

From this form it is clear that imposing cyclicity in our toy-model forces the star product 
to be commutative as well. 

3. The equation of motion 

If we impose the condition that the interaction is cyclically symmetric, the equation of 
motion reads 

(ata-l)|V') + |V')*|^) =0. (3.1) 



Here we have introduced the star product, it is defined by 

IV') * 1^) = (3.2) 

1 ^ 3 ^ 

23(0| exp(- Y, NijUittj + ^aliViiCi + -a\Nna\) |0)i|V')2|??)3 

i,j=2 i=2 

Let us give some examples of the star product: 

|0)*|0) = e^'^^'|0). 
The star product of two coherent states gives a squeezed state 

exp (A(/f + /i) + ^ hh) exp (Xa'^'^ + ^{li + l2)a'^) |0). 
By taking derivatives one can calculate lots of star products e.g. 

|0)*at|0) = /iate^'^^'lO) 



We will now write the equations ( |3.1| ) in terms of the components ^„ in an expansion 

oo 
n=0 

Let us first take a look at the potential (1.1) in components: 



^W = 2 X]'^'(" ~ ^)^n ~^ S ^ mlnlpl Gmnplpmlpnipp (3.3) 

n m,n,p 

where the coefficients Gmnp are generated by the function: 

1 ^ 

G{zi,Z2,Z3) = exp(- ^ ZiNijZj) 

= 2^G^np(^l)"(^2)"(^3)^ 
mnp 

Due to the form of the matrix A^, the Gmnp are completely symmetric and are zero when 
the sum {m + n + p) is odd. This last property guarantees that the potential possesses 
a Z2 twist symmetry just as in the full string field theory. This symmetry acts on the 
components as ipn -^ (— l)"V'n. As in the full string field theory, the components that are 
odd under the twist symmetry can be consistently put to zero: 



The equation ( ^.1| ) for the even components becomes 

oo 

(2m - l)^2m + Yl (2'^)!(2p)!G2„^,2n,2pV'2n^2p = 0. (3.4) 

n,p=0 

The trivial solution, V'2m = 0, has V^ip) = and is the one that will correspond to the 
unstable state. The solution we are looking for will have lower energy and will correspond 
to a local minimum of the potential. 

We can also rewrite the equation of motion (^]^) as a differential equation. Let us use 
a short hand notation for the string field ip: 

oo 

|V>=j;^n(a^r|0)^V(a^)|0). 

n=0 

If we use di = d/dxi , the equation of motion reads 



exp i ^ N.jdidj + X ^ Nudi + ^Nnx^ 



V'(X2)V(X3)L,=,3=0 = 0- (3-5) 

j=2 " j 

Here we have used that 

(0|a F(at)|0) = T^F(at) 

^a^ at=0 

The resulting equation is a non-linear differential equation of infinite order. 

4. Associativity 

In the full string field theory the star product is associative. We will now check the 
associativity in our model on a basis of coherent states. The star-product of two coherent 
states is easy to calculate: 

g^iatjQ^ * e'2«^|0) = Aexp (Ao^^ + ^(/^ + l^)a^'^ |0) 
with A = exp (A(/J + I2) + fJ. hh)- Then using the correlator 

we find 

(e'^'^V>*e'"'^|0)) *e'^'^^|0)= (4.2) 

,p 1 [ Xfi\h + hf + /i'(at + /3)(/i + h) + A(at + /3)V^ ) ,^, 

with S = exp (Aa^^ + A^3 + /xal^/3). Imposing cyclicity among li,l2,h we find that the 
star-product is associative only in the following three cases, hereafter called case I, II and 
III: 



I. /x = 0, then N 



II. 2X = ii-l, then N 



III. A = 1/2, then N 




However, due to the factor l/Vl — 4A^ in equation ( [4.2| ) the star product of 3 coherent 
states diverges in the last case. Therefore we should look for another proof of associativity 
in this case. We will not do this, we just discard this case. 

5. Derivation of the star-algebra 

Let us now look ii D = a — a^ is a derivation of the *-algebra: 

D{A * B) = DA * B + A* DB where A and B are two string fields. 

This is analogous to a^* — a^^ being a derivation in the full string field theory, see for 
example |l^. It is easy to see that for Z) to be a derivation we need 

Y^{a.-a\)\V)=Q. (5.1) 

i 

Let us calculate the left hand side of ( |5.1D : 

j;(a,-at)|y) = j;(-^-al)|y) 

t ^t^ 



5](iV,,a]-al)|y) 



This is zero if and only if ( 1 1 1 ) • [N — 1) = 0. 

• case I 

We need 3(2A — 1) = so A = 1/2. Hence D is a derivation if and only if iV = 1. We 
will call this trivial case henceforth case Id. 

• case II 

We need 2(1 + fi — 2 = 0, hence /i = 2/3. In this case we have 

/-1/3 2/3 2/3 \ 
N=\ 2/3 -1/3 2/3 (5.2) 

\ 2/3 2/3 -1/3/ 

Henceforth, we call this subcase lid. 



• case III 

We need 2/i = so /x = 0. This reduces to case Id. 

For the case Id we will show in section |^ that there is no non-perturbative vacuum. 
Therefore we consider the value ( |5.2| ) as the most important special case that we would 
like to solve exactly in our toy-model. 

In the full string field theory, an important role is played by the identity string field I 
i.e. a string field obeying I*A = A = A*I for (almost) all string fields A'^. In the toy 
model, there exists an identity string field / only in case II. In this case we have for the 
identity / 



Using the correlator (4J.), the reader can easily check that 



for all coherent states e |0), thus proving that / is the identity. Proving that there is no 
identity if A^ does not belong to case II is most easily done by first arguing that the identity 
should be a Gaussian in the creation operator a' and then showing that one can not find 
a Gaussian which acts as the identity on all coherent states. In case Ild the identity string 
field reduces to 

|/) = -|exp(V^|0) (5.3) 

6. Exact results in case I 

6.1 Closed form expression for the stable vacuum 

We now construct the exact solution in the case I, where 



N 



The coefficients G2m.2n,2p entering in the equation of motion ( p.4[ ) are particularly simple 
in this case: 

\m+n+p 
LT2m,2n,2p = j — r-p- 

minipi 




Equation ( p. 4 ) reduces to 



i'2m = ,. „ . , g(A)^ (6.1) 

(1 — 2.m)m\ 



There are some anomalies in the ghost sector, / is not an identity of the star algebra on all states, 
see H. 



where we have defined a function g{X) by 

n=0 

Multiplying equation ( |6.1| ) by {2m)\X"^ /ml and summing over m we obtain (7(A): 

A2"(2n)! V^ 1 






2n)J Vl - 4A2 

Hence our candidate for the stable vacuum I vac) is 



1 °° A" 



._!(!- 2n) 

n=0 ^ ^ 

Using the representation ( |3.5D , it is also possible to derive a generating function for 
the coefficients 'i/'2n- Putting X = —P, the differential equation ( ^ ) reduces to 

This is 

(x^ - l\ ijix) + e-^'^^'c" = 0, 

where c is just a number 



a;=0 



A solution of this differential equation is 



where (t>(x) is the function 



^(x) = ^_4;4 '^(^^)' 



(x) = exp(— x^) + -v/vrx erf(a 
(-x2)' 



E 



m! (2?7z — 1) 

The energy difference between the false and true vacuum can be expressed entirely in 
terms of the function g(A): 

F(vac) = -W = -l(l-4A2)-3/2. 

D 

It is clear that the true vacuum only exists for |A| < 2 since the value of the potential 
becomes imaginary outside this range. Also, for |A| > -^^ the state |vac) is no longer 
normalisable. Note that for the special case Id, A = |, there does not seem to be a true 
vacuum. 



6.2 Closed form expression for the effective potential 

We can also determine the exact effective tachyon potential V{t) by solving for the 'i/'2n, n > 
in terms of t = tpQ. The equation for these components becomes: 

V'2m(A,t) = - -_-(t + /i(A,i))2 form>0 (6.2) 

(1 — 2m)m\ 

where we have defined 

,,, , ^ (2n)!A" , ,, , 

n=l 

Multiplying equation ( |6.2| ) by (2m)!A"^/m! and summing over m we get a quadratic equa- 
tion for h{X,t): 

h{X,t) = (Vl-4A2-l)(t + /i(A,t))2. 

The two solutions h± 

h± = _ J^—j^ (-2t(l - \/l-4A2) - 1 ± ^4t(l - yrriX^^ 

will give rise to two branches of the effective potential. When we also impose the equation 
for t, we see that the unstable vacuum t = and the stable vacuum t = ^_\^-2 lie on 
the same branch (i.e. the one determined by h^) just as in the full string field theory. 
Substituting h± in ( |6.2|) to obtain the coefficients V'2n±(A, t) and substituting those in ( ^^ ) 
we find the exact form of the two branches of the effective potential V±{t): 

2 2(1-V1-4A2) 3^ ^ ^' 

As is the case in the full bosonic string field theory, the branch V+(t), which links the 
unstable and the stable vacuum, terminates at a finite negative value t^:, given in this case 

by 

t* = , (6.3) 

4(1 - Vl - 4A2) 

At this point, the two branches meet. It is also the only point where they intersect, since 

V- > V-j- for all other values of t. 

6.3 The level truncation method 

We can also discuss the convergence of the level truncation method in this case. We will 
focus on the level {2k, 6k) approximation to the tachyon potential. This means that we 
include the fields up to level 2k and keep all the terms in the potential involving these 



fields. In this approximation, the equation for the extremum is just (3^) with all sums 
now running from to k. The solution proceeds just as in the previous section. First one 
solves for the function g^ '{X): 

»''HA).(i:^;|^)"^(vTTiX5.^(«,; ■ 



10 



The function E(\,k), which represents the error we make by truncating at level 2k, can 
be expressed in terms of special functions 

^/ X M _ 2^+2'= A2(i+'=)r(i + k)2Fi{l,^ + k,2 + k; 4A2) 
^^^'^^ - ^(fc + 1)! • 

The level-truncated expressions for the components of the approximate vacuum state 

|vac'^) and the value of V(^2k,6k) ^t the minimum are given by: 

(1 — 2m)m\ 

The determination of the level-truncated effective tachyon potential also proceeds as 
before. The result is 

1" h ^1/.^^Wa3 



with 



V(2k 6k)±it) = — t H \--(t + hX 

{2kM)±y> 2 2(1-V1-4A2-^(A,A;)) 3^ ± 



hf = , ( -2t(l-\/l-4A2-^(A,A:))-l 

^ 2(1-Vl-4A2-E(A,A:))V ^ "^ ^ ' ^^ 



± V4i(l - Vl - 4A2 - E{\, k)) + 1 

(k) 

Again, the potential has two branches which intersect at a finite negative value t), . 

ti''^ = ; — (6.4) 

4(l-Vl-4A2-^(A,fc)) ^ ^ 

A plot of both branches of the potential for k = 0, 1, 2 at A = 0.4, as compared to the 
exact result, is shown in figure ||. 

6.4 Convergence properties and comparison to the full string field theory 

The results of the previous sections allow us to derive some exact results concerning the 
convergence properties of the level truncation method in this model and to compare them 
with the behaviour found in the full string field theory using numerical methods Q. For 
this purpose, we need the asymptotic behaviour of the function -^(A, k) for large level k 



2\2 

^(A, k) ^ _ fc-^/^(4A^)^[l + 0{k-^)] forfc^cx). (6.5) 

Hence the error we make in the level approximation to the coefficients of the true vacuum 
and the value of the potential at its minimum goes like 

,(M 22^+2 A2'=+™+2A:-3/2 



-1^2171 - m 



¥m!(l-2m)(l-4A2)5/2 



y(vac) - y(2fc,6fc)(vac^'=0 ~ ______ 
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V{t) 



1.5 



0.5 




-0.5 - 



Figure 1: The level-truncated effective potential for A = 0.4 at level (0,0), level (2,6), level 
(4, 12) and level (6, 18) as compared to the exact result. We have rescaled the potential by a factor 
6(1 — 4A^)'^/^ so that the minimum occurs at y = —1. 



for large level k. We see that, both for the components of the vacuum state and the value 
of the potential at the minimum, the level truncation method converges to the exact an- 
swer in a manner which is essentially exponential as a function of the level: it goes like 
^-3/2g-/e|in4A | ^his exponential behaviour is comparable to the one found 'experimen- 
tally' in the full string field theory problem in [Q]: there, the error was found to behave like 

The effective tachyon potential in the toy model has a finite radius of convergence |i,,| 
as in the full string field theory. In the level truncation method, the radius of convergence 
|t* I rapidly approaches the exact value; indeed, from (|6.3| ), ( p!^ ) and ( |6.5D we have 



c^ 






A2 



-3/2 



8V^(1 - Vl-4A2)2(1 - 4A2) 



(4A' 



2\fc 



for k 



oo. 



In contrast to the string field theory effective potential j^, ^], the toy model effective 
potential does not display a breakdown of convergence for positive values of t. 
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7. Other exact solutions 

We can also find the exact minimum in case II when ^ = 1, i.e. when 




We need to solve the following equation: 

d \ 

X- 1 1 tl;{x) + exp (^253 + x(d2 + 83)) ij{x2)'ip{x3)\^^^^^=o = 0. 

A solution of this equation is ip^x) = 1. 

I false vac) = 0|0) |true vac) = 1|0) 
More generally we can also solve 




for general n, again the solution is ip{x) = 1. However this case is not associative if // / 1. 

8. Towards the exact solution in case lid? 

8.1 The star product in momentum space 

In section ^ we have deduced that D = a — aMs a derivation of the star algebra. If we 
write the creation and annihilation operators in terms of the momentum and coordinate 
operators: 

J«^ = ^ (p + ix), 
\«= ^ (p-ix), 

we see that D is proportional to 8/ dp. Therefore it is tempting to anticipate that the star 
product will reduce to an ordinary product in momentum space, and this is indeed the 
case^. If we write the states in momentum representation: 



IV") = / dpilj{p)\p) 



P' 



*In Witten's string field theory the operators Dl^ — a^ + ( — l)"a^„ are derivations of the star algebra. 
This suggests going to the k - space for the odd matter oscillators a2n+i ^^i^ to the x - space for the even 
matter oscillators Qj^. See [M where an analysis along these lines was performed. In Witten's string field 
theory the star product reduces to a matrix product in the split string formalism |1|] . 
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where the states \p)p are the eigenstates of the momentum operator p, normahzed in such a 
way that {pi\p2) = 6{pi —P2) — we use the extra subscript to denote which representation 
we are using. We find 

dpn'/^J^i^ipUpMp (8.1) 



and 



{VUi)\i;2)m = vrVy^ / dp Mp)Mp)Mp)- (8-2) 



This last equation is easy to prove on a basis of coherent states. If \ipi) = exp {lia'^)\0), 
then 

(^||V'i)lV'2>|V'3> = e^"^^ 

Let us verify if we get the same result in momentum space. A coherent state is given by a 
Gaussian in momentum space: 

Equation ( ^^ ) then holds by Gaussian integration. 

As a check on our result we will verify that the state \I) given by ( p.3\ ) is the identity 
in momentum space. In momentum space we have 

[2 1 
|/) = 1 / - , 1 as a function in momentum space, 
V 3 vr^/'* 

therefore we have for arbitrary states ip 

f2_ 
3 ^1/4 

as it should be. 



1^) * 1^) = \/ 1 44 1 • ^'^'vl ^(^) = V'C^)- 



8.2 The equation of motion in momentum space 

The equation of motion we want to solve now becomes in momentum space 

(ata-l)|V^) + |V')*|^) 



^(-|^ + (P^-3))^ + -^/^vf^(p)^ = °- 



2 
If we drop some constants, the differential equation we are left with reads 

-Q^^iP) = (P^ - 3)V'(P) + Hpf- (8.3) 

So we see that instead of the infinite order differential equation we started with, we have 
now a second order non-linear differential equation. A large body of literature exists (see 
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e.g. ||19[) on second order differential equations that have the Painleve property, meaning 
that the solutions to these equations have no movable critical points. Such equations 
can be transformed to one of 50 equations whose solutions can be expressed in terms of 
known transcendental functions. Applying the algorithm described in ||2^, one finds that 
equation (^]^) is not of the Painleve type due to the presence of movable logarithmic 
singularities. Hence we have been unsuccesful in solving ( ^.31) . 

8.3 Numerical results 

Even though we are not able to find a closed form solution in this case, we can get good 
approximate results with the level truncation method. We give the potential including 
fields up to level 4. It reads: 

34VoV'2^4 , 41V^2'V'4 , ^« , 2 , 227^oV'4' , 319V'2V'4' , 1249 V 
H — h 36 V'4 H ^^z \ ^^z \- 



9 27 "^ 27 27 81 

We can minimize this action and we find 

at level 0: IV') = l.|0) 

with Viip) = -0.166667. 

at level 2: IV') = (1.05083 +0.0870701 at2)|0) 
with V{ij) = -0.181514 

at level 4: IV') = (1.0508 +0.0867394 at^ - 0.000383389 at4)|o) 
with V{i;) = -0.181521 

at level 6: IV-) = (1.05082 + 0.0867768 at^ - 0.000408059 o^^ - 0.0000352206 a^'^)\0) 
with Viip) = -0.181523 

at level 8: IV-) = (1.05082 + 0.0867771 at^ - 0.000412528 a^^ - 0.0000341415 a^^ 
+1.788-10-6 at8)|0) 
with V{ij) = -0.181524 

at level 10: |^) = (1.05082 + 0.0867771 a^^ - 0.000412537 a^^ - 0.0000339848 a^^ 
+1.76475 • lO-^ots - 4.54233 • W~^a^^°)\0) 
with V{ij) = -0.181524 

We see that the level truncation method clearly converges to some definite answer. 

9. Conclusions and topics for further research 

We simplified Witten's open string field theory by dropping all the ghosts and keeping 
only one matter oscillator. The model we constructed closely resembles the full string field 
theory on the following points: 
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• There is a false vacuum and a stable vacuum. 

• The interaction is given in terms of "Neumann coefficients" and can be written by 
using an associative star product. 

• There is a notion of level truncation which converges rapidly to the correct answer. 

For some special values of one of the parameters of the model, we were able to obtain the 
exact solution for the stable vacuum state and the value of the potential at the minimum. 
For other values of the parameters we did not succeed in constructing the exact mini- 
mum of the tachyon potential. This does not mean that it is impossible to solve Witten's 
string field theory exactly. In the full string field theory there is a lot more symmetry 
around: for example Witten's string field theory has a huge gauge invariance and one 



could try to solve the equation of motion by making a pure - gauge like ansatz [16|. 

Therefore maybe a natural thing to do is to set up a toy model that includes some of the 
ghost oscillators in such a way that there is also a gauge invariance. Another research topic 



would be to set up a toy model of Berkovits' superstring field theory (see [18| for a recent 
review). It also should not be too difficult to try to mathematically prove the convergence 
of the level truncation method in these toy models. This might teach us something about 
why the level truncation method converges in the full string field theory. 
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